We present a stabilized finite element method for Stokes equations with piecewise continuous bilinear approximations for both velocity and pressure variables. The velocity field is enriched with piecewise polynomial bubble functions with null average at element edges. These functions are statically condensed at the element level and therefore they can be viewed as a continuous Q1-Q1 stabilized finite element method. The enriched velocity-pressure pair satisfies optimal inf-sup conditions and approximation properties. Numerical experiments show that the proposed discretization outperforms the Galerkin least-squares method.
Introduction
The Stokes problem, a linear model for steady, slow-moving fluids, is a representative problem of incompressible flow. The main difficulty for approximating this problem using the Galerkin finite element method is that velocity and pressure fields are subject to the inf-sup, or Babuška-Brezzi condition. 3, 6 This compatibility constraint rules out some simple finite element pairs, such as the bilinear-velocity-pressure element.
7
In order to be able to use the bilinear-velocity-pressure pair, one can stabilize the Galerkin method by appending perturbation terms which depend on the residuals of the governing equations. These strategies go back to Refs. 8 and 18 and have been generalized in various applications (see Ref. 14 for a review of stabilized methods for Stokes).
The bilinear-velocity-pressure pair can also be stabilized by adding conforming bubble functions to the velocity space. 4, 20 This approach requires at least three internal degrees of freedom; that is, one degree of freedom for each component of the velocity and one degree of freedom shared by both components of the velocity per element. 4 Note that the MINI element for the linear-velocity-pressure pair 2 needs only one internal degree of freedom for each component of the velocity. A wider range of bubble functions can be considered in the non-conforming case.
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The stabilized method proposed herein introduces perturbation terms by statically condensing the non-conforming polynomial edge based functions introduced in the velocity field. These functions have null average on all edges of the quadrilateral elements and can be viewed as an extension of the conforming "quadrilateral mini" bubble functions in Ref. 4 . We note that the zero average element pressures can be additionally eliminated, resulting in a smaller linear system in which domain decomposition preconditioners can be successfully applied 17, 21 for large scale computations. The proposed method is also more accurate than the same order accurate traditional methods with respect to the pressure and the divergence of the velocity fields, hence a potential candidate for time-dependent problems when conservation is important. This work is organized as follows: Sec. 2 reviews the finite element formulation of the Stokes problem and introduces the proposed method. In Sec. 3 we prove that the method satisfies the inf-sup condition using the macroelement technique. Error estimates for both the approximate solution and its bilinear component are derived in Sec. 4. Section 5 reports numerical experiments and includes estimate convergence rates. Discussion and comments are presented in Sec. 6.
Finite Element Formulation
Let Ω ⊂ R
2 be an open, bounded region with smooth boundary Γ. The Stokes problem in Ω with homogeneous Dirichlet boundary conditions states that the velocity field u and the pressure field p are determined from the system of equations
where ε(u) = (∇u + (∇u) t )/2, µ is the viscosity of the fluid and f is a body force.
Consider Σ to be an element K, or a macroelement M or the domain Ω. We denote (v, w) Σ = Σ vwdx, and v m,Σ = v H m (Σ) . The subscripts are dropped unless the domain is a subset of Ω or m > 0. For example,
Let H 1 0 (Ω) be the subspace of functions of H 1 (Ω) with zero trace on ∂Ω and L 2 0 (Ω) = {q ∈ L 2 (Ω) ; (q, 1) = 0}. The variational formulation of (2.1) is described as: Find
Let T h (Ω) be a partition of Ω into non-overlapping quadrilateral elements K. We associate with each element K ∈ T h (Ω) a bilinear, isoparametric transformation
We employ the standard quasi-uniformity and regularity assumptions 5 for T h (Ω). Thus, the Jacobian matrix
In particular, at the origin,J K := det(B K ) = 0, whereB
is the space of continuous functions in Ω and Q 1 (K) is the space of bilinear functions inK. For the discrete velocity field space we consider and therefore it follows that
The Galerkin formulation of (2.2) is:
We note the formulations (2.2) and (2.9) are respectively equivalent to 
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Remark 2.2. Note that (2.9) is a non-conforming method since V h ⊂ V .
Inf-sup Condition
The global inf-sup condition is verified with the macroelement technique. 23 A macroelement M is a connected region defined as a union of elements K of T h (Ω). In addition it is assumed that the union of all macroelements covers the whole domain Ω. Denote Q h (Σ) and V E h,Σ , for Σ = K or M , as the spaces given by
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The macroelement technique 23 allows one to verify the following global inf-sup condition,
by fulfilling the following two sufficient conditions:
• If Γ is the common part of the boundaries of two macroelements, then Γ is connected and contains at least two edges of T h (Ω); • On each macroelement M , the space N M defined by
is one-dimensional and composed by constant functions.
Meshes topologically equivalent to structured meshes satisfy the second macroelement condition since we can choose families of macroelements formed by 2 × 2, 3 × 3, 2 × 3 and 3 × 2 elements. This macroelement condition also holds for quadrilateral meshes obtained by connecting triangle barycenters to edge midpoints of a triangular mesh.
We note, by definition, an extension by zero on Ω\Σ of a function in V 
Proof. We first prove the result for
Taking (2.3) into account, we find
Let us first assume d
Kẑ , then the resulting expression forb(p,v) does not depend on F K :
Definingẑ i (i = 1, 2, 3) aŝ
KBKẑ3 .
Thus, we can choosev
Moreover,
, which is zero ifp =p 0 ; that is, p is constant.
, which is zero only if p is constant. The result for Σ = M follows straightforwardly from the case Σ = K and the assumption that p is continuous and M is connected. Remark 3.1. We find similar analysis and numerical results when we replacê z 3 = (ŷφ,xφ) t tô
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We note thatẑ 5 is a linear combination ofẑ 3 andẑ 4 . In fact, yφ andφ 1 (respectively, xφ andφ 2 ) span all cubic functions with zero average on each side ofK whosexderivative (respectively,ŷ-derivative) is Cxŷ. Among these functions,ψ =φ 3 and ψ =φ 4 are the only ones that satisfy
Property (3.2) is satisfied byφ as well. If the transformation F K is linear and
This is one of the conditions required to obtain optimal choices for the P1-P1 non-conforming bubble functions in Ref. 22 , Eq. (40). The second condition, which is
does not hold here, since ∇q may not be a constant. When F K is nonlinear, (3.3) does not necessarily hold either. We finally remark that our theory is based on the property (2.7). Hence, the theory developed here holds also when we replaceB K with
2) holds and this implies (2.7). We note that we have tested numerically this latter space resulting in similar numerical results as in the case where V E h,K is given by (2.6). 4) with B K defined as in (2.5). On the other hand, if
Error Estimates
The continuous problem (2.2) satisfies the inf-sup condition, i.e. there exists β > 0 such that
In addition, Theorem 3.1 and the macroelement technique 23 lead to a global discrete inf-sup condition; that is, there exists β * > 0, that does not depend on h, such that
We next state some of the well-known results required in the error analysis. The following Poincaré inequalities are valid:
. To obtain the first inequality above we have used the fact that functions v ∈ V vanish on ∂Ω, to obtain the last two inequalities, we have used the fact that functions
h have average zero on each edge of T h (Ω). We also have the following stability and approximation results 6, 19 
where e is any edge of an element K andv the edge average of v. We remind that H 
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Moreover, a Korn inequality also holds in V h :
Proof. There exists α < 1 such that
for any element K ∈ T h (see Appendix A). It follows that
From the first Korn inequality in V 
Using the fact that u (4.4) , and the triangle inequality in K, we find
The proof follows from (4.2) and (4.5).
Next we use the following non-conforming FEM theorem (Ref. 5, p. 197) :
to obtain an optimal approximation on the energy norm for u − u h . The first term on the right-hand side of (4.6) is the best approximation error while the second term is the consistency error.
Theorem 4.2. Let u ∈ (H
and if Ω is convex
Proof. We first deal with the consistency error. Let w h = w
where Πp is the L 2 projection of p on Q h . Hence,
Note that the second term of the right-hand side vanishes because [u, p] satisfies (2.1). Moreover, we have
where [w h ] is the jump of w h across an interior edge e of T h (Ω) or [w h ] = w h on a boundary edge e of T h (∂Ω). In both cases [w h ] has zero average on e. For the case where the edge e is an interior edge and K r e and K l e are the two elements sharing this edge, we obtain
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On the first inequality above we have used standard H −1/2 approximation results on a element level. On the last inequality we have used a Poincaré inequality on the two elements K l e and K r e sharing the edge e, wherew e h is the average of w h on e. Using similar arguments we also obtain
Similar bounds hold for e ∈ ∂Ω since w h has average zero (w 1 h vanishes on ∂Ω). Adding all the contributions and using that u vanishes on ∂Ω, we obtain
The best approximation error of the velocity is obtained as follows. 
We next show that
Indeed, for all q h ∈ Q h and v h ∈ V h , we have
And using the inf-sup condition for the discrete formulation and similar error analysis used above we obtain:
Finally, choosing q h = Πp and using the triangular inequality, we obtain:
The L 2 -error estimate for u − u h follows straightforwardly from the AubinNitsche trick.
We next show that we can remove the component u E h from the solution u h and still obtain optimal error estimates. Hence, the proposed enriched finite element discretization can be considered as a stabilized finite element method since the enriched basis functions can be statically condensed at the element level.
Proof. Let u I be the bilinear interpolant of u. We have from (4.2) that
The energy estimate follows from the triangular inequality
The L 2 error estimate can be obtained using similar arguments.
Numerical Experiments
Consider two test problems with µ = 1 on meshes of n 2 elements, n = 20, 40, 80
( Fig. 1) . The first mesh (M1) is asymptotically affine 1 and the second mesh (M2)
is non-affine. Mesh M1 allows us to assess the methods on non-rectangular meshes which are nearly affine-equivalent. 
where
+ ∇p and the stabilization parameters τ 1,2 as in Refs. 11 and 13
We also present the error curves for the enriched method when the component u 
Smooth velocity-pressure field
We first consider the problem employed in Ref. The errors shown in Figs. 2-5 meet the theoretical predictions. The method "E NC1" has slightly better results than the Galerkin least-squares method; an additional improvement is noticed when the enrichment field is taken into account ("E NC"). "E NC" has shown to be more conservative, i.e. it has the lowest divergence error. The proposed method can deliver the same accuracy as GLS in the pressure and the divergence of the velocity field with a mesh two times coarser, in the case of asymptotically affine elements.
Remark 5.1. The performance of "E NC" is similar to the performance of the methods proposed in Ref. 4 , as well as the improved "quadrilateral mini" element proposed on Remark 3.2, except that "E NC" had a more accurate approximation of the pressure and the divergence of the velocity, as shown in Fig. 6 . In this figure, 
Driven cavity flow
We consider the driven cavity problem in Ω = (0, 1) 2 with a "leaky lid" boundary condition 18 of the same length as the element of the coarser uniform mesh (Fig. 7) .
This benchmark problem models the laminar incompressible flow in a square cavity whose top wall moves with a uniform velocity.
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Figures 8-11 present the errors with respect to the solution by the "E NC" method in a mesh of 200 × 200 squares. We note that "E NC" delivers the same accuracy as GLS in the pressure with a mesh two times coarser (for asymptotically affine elements) although the same does not apply to the divergence of the velocity field.
Remark 5.2. According to Remark 3.2, the method proposed in Ref. 4 (Sec. 3) may experience difficulties for certain meshes. This is confirmed by Fig. 12 , which compares the pressure field of this method and the improved "quadrilateral mini" 
Conclusions
We propose a stabilization of the Q1-Q1 element with the aid of polynomial, nonconforming bubble functions which extend the work presented in Ref. 4 . The proof of the inf-sup condition serves as a framework for validating other enriched finiteelement pairs. Numerical experiments confirm the error estimates and also verifies that the proposed method is highly conservative and provides an accurate approximation of the pressure field.
